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Abstract. Proving lower bounds remains the most difficult of tasks in computational complexity 
theory. In this paper, we show that whereas most natural NP-complete problems belong to NLIN 
(linear time on nondeterministic RAMs), some of them, typically the planar versions of many NP- 
complete problems, belong to NTISP(n, n''), for some q < 1, i.e., are recognized by nondeterministic 
RAMs in linear time and sublinear space. The main results of this paper are the following: as the 
second author did for NLIN, we 

— give exact logical characterizations of nondeterministic polynomial time-space complexity classes; 

— derive from them a problem denoted LAYERED-CoNSTRAlNTs(t, s), which is complete in the 
class NTISP(n, n''/*), for all integers t,s, t > s > 1, and 

— as a consequence of such a precise result and of some recent separation theorems by [9] using di- 
agonalization, prove time-space lower bounds for this problem, e.g. Layered-Constraints(3, 2) ^ 
DTISP(ni-«i»,n°W). 

Key Words: computational complexity, descriptive complexity, finite model theory, complexity 
lower bounds, time-space complexity. 

1 Introduction and discussion 

1.1 The difficulty to prove complexity lower bounds 

One of the main goals of computational complexity is to prove lower bounds for natural problems. 
In his Turing Award Lecture [4] twenty years ago, S. Cook noted: "There is no nonlinear time lower 
bound known on a general purpose computation model for any problem in NP, in particular, for 
any of the 300 problems listed in [10]". Since 1983, despite of some technical progress (see for 
example [2, 8, 9, 12, 18, 19, 24]) things have not fundamentally changed and Fortnow [9] wrote 
in 2000: "Proving lower bounds remains the most difficult of tasks in computational complexity 
theory. While we expect problems like satisfiability to take time 2^^"'\ we do not know how to 
prove that non linear-time algorithms exist on random-access Turing machines". In our opinion, 
the persistent difficulty to prove time lower bounds for natural NP-complete problems is due to 
the conjunction of two facts. 

(i) Nondeterminism makes such problems easy, typically they belong to NLIN, i.e. are recognized 
in linear time on nondeterministic RAMs, and most of them are even easier, i.e. we conjecture 
that they are not NLIN-complete. 

{a) Almost nothing is known about the relationships between deterministic time and nondeter- 
ministic time. 

Let us now develop both arguments (i) and {ii). 

1.2 Nondeterminism makes problems easy 

In a series of papers [13, 14, 16], the second author showed that many NP-complete problems, 
including the 21 problems studied in the seminal paper of Karp [20], belong to NLIN, i.e. can 
be recognized in linear time on nondeterministic RAMs, and [12, 13, 25] (see also [17]) proved 
that a few of them are NLIN-complete, including the problem RiSA (Reduction of Incompletely 
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Specified Automata: quoted [AL7] in the well-known book [10] of Garey and Johnson). More- 
over, [14] and [1] argue that it is unhkely that many NP-complete problems in NLIN such 
as SAT(the satisfiability problem) and Hamilton (the Hamilton cycle problem) are NLIN- 
complete. Further, several authors [21, 22, 26, 29] give convincing arguments that a number of 
NP-complete problems, including CLIQUE, PARTITION and planar restrictions of NP-complete 
problems are even easier. E.g., [22] deduced from the Planar Separator Theorem (see [21]) that 
the Maximum Independent Set problem in planar graphs can be computed in deterministic 
subexponential time 2'^^"^''^^ whereas we believe the same result does not hold for many other 
NP-complete problems including Sat (see [29]). Finally, in the same direction, [16] recently 
proved that a couple of graph problems, including Hamilton and Cubic-Subgraph belong to 
the class Vertex-NLIN, i.e., are recognized by nondeterministic RAMs in time 0(n), where n is 
the number of vertices of the input graph, which may be much less than the size (number of 
edges) of the graph. 

1.3 Our ignorance of the relationships between deterministic time and 
nondeterministic time 

Whereas most people expect NP-complete problems to be exponential, there are only very mod- 
est results that formally prove that nondeterminism gives strictly more power to computation. 
Interestingly, [24] proved that nondeterministic Turing machines (TM) compute strictly more 
problems in linear time than deterministic ones, namely DTIMETM(n) C NTIMEtmC*^)- Using 
this result and the inclusion NTIMEtm(?^) ^ NLIN, [12] concludes that RiSA (or any other sim- 
ilar NLIN-complete problem via DTIMEtm(?^) reductions) does not belong to DTIMEtm(?^)- 
However, it would be much more significant to obtain the similar but stronger result for deter- 
ministic RAMs, namely RiSA ^ DLIN, that is equivalent to the conjecture DLIN ^ NLIN. This 
would be a very strong result since, as argued in [28, 17], the class DLIN exactly formalizes the 
important and very large class of linear time computable problems. 

Despite of our pessimistic arguments {i-ii), some progress has been recently made by con- 
sidering mixed time-space complexity. 

1.4 Time-space lower bounds 

In recent years, Fortnow and several authors [8, 9, 23, 30] have used a new approach to show 
that some problems like Sat require a nonminimal amount of time or space. Their techniques 
inspired by some earlier work of [19] essentially use two arguments sketched below. 

1. A hardness result: Sat is "complete" for quasi-linear time 0(n(logn)*^*^^'*) under reductions 
that use quasi-linear time and logarithmic space (see [5, 6, 27]); 

2. A separation result proved by diagonalization: There exist constants a, b such that 
NTIME(n) g DTISP(n",n^) (see [9]), where DTISP(T(n), S'(n)) denotes the class of prob- 
lems computable on deterministic RAMs in time 0{T{n)) and space 0{S{n)). 

From (1-2), Fortnow et al. [9] conclude: for any constants a' < a,b' <b : Sat ^ DTISP(n"', n^'). 

Finally, note that another completely different current of research (see e.g. [3, 2, 18])uses 
combinatorial techniques to prove lower bounds for specific problems. However, to our knowledge 
such techniques have never been compared to the "hardness-separation" method (1-2) above. 

Let us now describe the contribution of this paper. 

1.5 Our contribution 

In this paper we generalize for mixed time-space complexity classes NTISP(n, n*/*) and NTISP'^(n*, n*) 
(for any signature a and any integers t > s > 1) the results of [15, 16] about NLIN and similar 
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time complexity classes NTIME'^(n*) for RAMs ^. The organization and the main results of the 
paper are the following: in Section 2 we show that many significant NP-complete problems belong 
to some "sublinear" classes NTISP(n, n^), g < 1. In Section 4 we introduce the logic ESC^ (r,s) 
and prove the exact characterization ESO'^(r, s) = NTISP'^(n^"^*, n*). In Section 5, we obtain a 
problem, denoted LAYERED-CoNSTRAlNTs(f, s), that is complete in the class NTIME(n, n*/*) 
and we deduce lower bounds for this problem in Section 6. 

2 Time-linear and space-sublinear classes contain significant problems 

One important condition for a complexity class to be pertinent is to contain natural problems. In 
this section, we show that the class NTISP(n, \/n), that trivially contains the Clique problem, 
contains many planar graph problems and some problems over numbers. Moreover, we show that 
there also are significant problems in the classes NTISP(n, n^^d)^ for each integer d>2. 

2.1 The case NTISP(n,v^) 

The examples given in the case NTISP(n,y^) mainly concern planar graph problems. We first 
need a separator result for planar graphs that allows a more convenient presentation of the input. 

Lemma 1. [21] Let G he any n-vertex planar graph. The vertices of G can he partitioned into 
three sets A, B, C such that no edge joins a vertex in A to a vertex in B, neither A nor B 
contains more than 2n/3 vertices, nor C contains more than 2\/2^/n vertices. Furthermore, A, 
B and C can he computed in time 0{n). 

Now we can use this lemma recursively, i.e. find a separator set Si for A and 5*2 for B and 
so on, until we have subsets of size 0{^/n). In such a way we build a binary tree that represents 
our graph so that the nodes of the tree are the subsets S, Si, S2, ■ ■ ■ and every edge of the graph 
joins two vertices in the same node or in two nodes of the same branch (because any (separator) 
node disconnects its two child subgraphs). We call this tree a separating tree. 

Lemma 2. Computing a separating tree T of a planar graph G = iy,E) can he done in time 
0(n log n) and space 0{n), with \V\ = n. 

Proof. Consider the following facts. 

— The tree is linear in size (i.e., 0{n)), as its nodes form a partition of the vertices of the graph. 

— Each subset of type Aox B (i.e., every successive subtree) is of size at most (2/3)n, (2/3)^n, 
(2/3)^n, etc. Thus, to reach size 0{-\/n), we need O(logn) steps, so the depth of the tree is 
O(logn). 

— Now by Lemma 1 a separating step (computing S, A and B) is done in time and space linear 
in the size of the subgraph involved. Considering that, at any given level of the tree, the 
union of the subgraphs at the nodes of that level is a subpartition of the whole graph, and 
so is of size 0(n), the whole computation of the separation of all the subgraphs at that level 
is done in time and space 0{n). 

— Hence, the whole computation of the tree is done in time 0(n log n) and space 0(n). 

□ 

For each planar graph problem, we can give a new version with this representation, for 
example for the 3-Colourability problem. 

^ NTISP"^ (T(n), 5(71)) denotes the class of cr-problems (i.e. sets of first-order structures of signature a) recogniz- 
able by nondeterministic RAMs in time 0{T{n)) and space 0{S{n)) where n is the cardinality of the domain 
of the input a-structure. This generalizes the notation of [16]. 
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Problem Separating Tree Planar 3-Colourability 

Instance : An undirected planar graph G = (F, E) given in the separating tree representa- 
tion T. 

Question : Is G 3-colourable? 

Proposition 1. Separating Tree Planar 3-Colourability and Separating Tree Pla- 
nar Vertex Cover are in NTISP{n,y/n). 

In order to prove Proposition 1, we need the following additional result: 

Lemma 3. In each separating tree of a planar graph G = {V,E), each branch composed of nodes 
Eo,Ei, . . . ,Ei has \Eq\ + + . . . + \Ei\ = 0{-\/n) vertices, where \V\ = n. 

Proof. Along a given branch, the subtrees at the successive nodes are of size at most n, 2n/3, 
(2/3)2n, etc. So the size of each separator is successively at most ky/n, k^Jlnj?), k\/ (2/3)^n, 
etc. where k = 2y/2. Therefore, the size of a branch without its leaf is: 

\EQ\ + \El\ + ... + \El_l\<Y,k^J{2/2,Yn 

i=0 

OD 

1=0 

Finally, the subset Ei at the leaf is, by definition of the separating tree, of size 0{y/n) so 
overall the size |£'o| + . . . + of the branch is 0{y/n). □ 

Proof (of Proposition 1). Consider the first branch of the separating tree. It is of size 0{y/n) by 
Lemma 3 and so we can guess for it a 3-colour assignment and check that it is correct in time and 
space each 0{-s/n). Now, following a depth-first search algorithm pattern, we can successively 
forget the assignment at the leaf (we have already checked that it is correct, and no further edge 
will ever lead to a vertex in this subgraph) and process the next branch. So we can recursively 
check the 3-colourability of the graph, one branch at a time, while visiting every node at most 
as often as there are edges leading to it. Therefore at any time, there is never more than one 
branch in memory, limiting the size to ©(^n), and the total number of visits to nodes is at most 
the number of edges, which for planar graphs is 0(n). 

The proof is similar for Separating Tree Planar Vertex Cover. □ 

Although there is an O(nlogn) delay to build the tree, which prevents to prove that Plan-3-Col G 
NTISP(n, \/n), this proposition still has a significant consequence concerning an upper bound 
for this problem. 

Proposition 2. // NTISP(n, V^) ^ DTISP(r(ra), 5(n)), with T{n) > nlogn and S{n) > n, 
then Plan-3-Col G DTISP(r(0(n)), 5(0(n))). 

Moreover, a similar result can be applied to a wide range of problems, namely those linearly 
equivalent to Plan-3-Col, as stated by the following results. 

Lemma 4. [Ij Plan-3-Col is linearly equivalent to Plan-Sat (i.e., there are DLIN [1, 17] 
reductions both from Plan-3-Col to Plan-Sat and from Plan-Sat to PLAN-3-COLj and 
Plan-Hamilton. 

Definition 1. /i/ LIN-PLAN-LOCAL is the class of problems linearly reducible to Plan-Sat. 
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Corollary 1. //NTISP(n, y^) C BTISF {T (n), S{n)) , with T{n) > niogn and S{n) > n, then 
LIN-PLAN-LOCAL C DTISP(r(0(n)), 5(0(n))). 

This last corollary shows that a result similar to Proposition 2 can be applied to the wide 
range of problems that are linearly reducible to Plan-Sat. Note that Corollary 1 is much more 
precise than the previously known inclusion LIN-PLAN-LOCAL C DTIME(2<^(^/")) [1] (because 
of the inclusion NTISP(n, ^n) C DTIME(2'^(^^))). 

Other interesting problems that happen to be in NTISP(n, \/n) are the well-known Partition 
[10, ref SP12] and Knapsack [10, ref MP9] problems. 

Proposition 3. The problems Partition and Knapsack are in NTISP(n, -^/n). 

Proof. Recall that the Partition and Knapsack problems are defined as follows. 

Problem Partition 

Instance : A finite set A of integers. 

Question : Is there a subset A' C. A such that "^^eA' ^ ~ YlaeA'\A ^'^ 
Problem Knapsack 

Instance : A finite set U, for each u E U a size s{u) G N and a value v{u) G N, and positive 
integers B and K. 

Question : Is there a subset U' <^U such that XImgc/' ^i'^) ^ ^^i^ SMch that YluelJ' ^(^) — 

The idea of the proof that Partition belongs to NTISP(n, ^/n) is based on the one given 
by Hunt and Stearns in [29] for DTIME(2<^(^/")). Consider an instance A = {ai,...,ak} of 
Partition. The size of the input is n, that is the are written in base n, and they occupy 
n registers. Consider a fixed real d, < d < I, and compute n'^ — 1. Consider two empty sets 
Ai and Bi, with ^(^i) and S{Bi) the sums of the integers in Ai and Bi respectively. Now 
for each ai whose size is smaller or equal to n'* — 1 registers, nondeterministically put it in Ai 
or in Bi and add its value to -S'(^i) or S{Bi). Note that since there are at most n numbers 
Qi whose size is smaller or equal to n*^ — 1 registers, then S{Ai) < n ■ ~^ = (the same 
for S{Bi)) and can be stored in n'' registers. Now we consider all the a^s of size greater than 
n'^ — 1 and we nondeterministically partition them into two subsets A2 and B2- There clearly 
are no more than n^'~'^ such numbers and so this is the number of registers needed to keep a 
record of the partition. Once this is done, we sum the units (in base n) of the numbers in A2 
with the unit digit of S{Ai), and we make sure it is equal modulo n to the sum of the units 
of the numbers in B2 and the unit digit of S{Bi). This only takes 0(1) registers as we work 
in base n. We also compute the carry and then we do the same for the tens, the hundreds, etc 
(in base n). If at every stage, the sums are equal, we have a partition of {ai, . . . ,afc}. Finally, 
the whole computation uses linear time and space 0{n'^+n^~^), that is 0(n^/^) if we set d= 1/2. 

The proof is similar for the KNAPSACK problem. □ 
2.2 Classes NTISP(n,n^-3) 

The following parameterized problem shows that each class NTISP (n,n d), for every integer 
d > 2, contains a (quite natural) problem. 

Problem d-CoNSTRAiNT Tiling 

Instance : An integer d > 2, d integers mi,m2, . . . ,mrf and a d-dimensional mi x m2 x 
... X vrid grid, with a set of allowed tiles for each hypercube of the grid. Each tile has its 
faces coloured. 
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Question : Can we choose for every hypercube of the grid one of its allowed tiles so that 
two adjacent hypercubes have the same colour on their common face? 



Proposition 4. For every integer d > 2, the problem ^-Constraint Tiling is in NTISP(n,n^ 

Proof. We prove this result for d = 2, the general case being an easy generalization. Consider 
a rectangle consisting of n x m squares, with each one having a nonempty set of tiles. The size 
of the input is t > nm. Suppose that n > m. Consider the first row of m, squares and choose 
nondeterministically an allowed tile for each square. Now do the same for the second row and 
check that both row are consistent internally and with each other. Once this is done, the choices 
made for the first row are of no more use and can be forgotten. The memory space they occupied 
can be used to hold the tiles chosen for the third row, then checking the consistence with the 
second row. And so on, until we have in memory the n — 1*'' and n*'' rows. At any time we only 
keep 2 rows in memory, each of size m, and the space used is always the same recycled, that 
is O(v^) (recall that m < ^Jmn < s/i), and it is easy to see that the whole process takes time 



3 Computational and logical preliminaries 
3.1 NRAMs and time-space complexity classes 

The time-space functions studied here being very tight, it is very important to describe precisely 
the computational model we use, that is the Nondeterministic Random Access Machine (or 
NRAM) as it was designed by Grandjean and al. in several papers (see for example [15, 28, 16]), 
with only slight modifications. 

An NRAM TZ is designed to store an input structure S = {[n], a), where [n] = {0, 1, . . . , n — 1} 
and (7 is a finite signature containing p function or predicate symbols ^. It consists of (see Figure 



— input registers: a register L containing the integer n, and for each cj-symbol / of arity k, and 
for each tuple a G [n]^, a register f[a] containing the value of / in o; 

— the working section composed of d + 1 special registers (called accumulators), A,Bi,..., B^, 
where d = max f^a{0'f"ity{f)} , and the main memory which consists of computation registers 
Rq, Ri, . . . 

Convention 1. — The input registers are called Qj{a), where Qj is the j*'* symbol of cr, 1 < 
j < P, and a G [n]'', where p is the number of symbols of a and k is the arity of Qj. 

— All the input registers are read-only while the computation registers A, Bi, . . . , B^, Rq, . . . 
are read/ write. 

The program of the NRAM TZ is a sequence of instructions X(1),X(2), . . . ,X(A) of the fol- 
lowing types {1 < j < p,l < i < d): 



0{t). 



□ 



1): 



{1)A:=L 
(2) A := 
{Z)A:=A + l 
(4) yl := ^ - 1 



{^,i)Bi:=A 
(9,i) R{A) ■.= Bi 
(10, i) if A = Bi then goto I{io) 
else goto 



(5) guess{A) 
{6,j)A:=QjiBi,... 
(7) A := R{A) 



Bk) 



(11) accept 

(12) reject 



^ In our notation, we confuse each signature (resp. function or predicate symbol) with its interpretation. 
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Fig. 1. An NRAM associated with a binary relation 



Convention 2. - At the beginning of the computation, all the accumulators and the registers 
in the main memory contain the vahie 0. 

— guess{A) is the non-deterministic instruction of the NRAM; it stores any integer in accumu- 
lator A. 

— The only accept instruction in the program is X(A), that is the last one. 

Remark 1. The access to the main memory is only possible via accumulator A. 

Following this definition of our computational model, we can now define the mixed time-space 
complexity classes we study here: 

Definition 2. Let a he a signature and T, S : N N he functions such that S{n) < T{n) and 
T{n) > n. We call NTISP'^ {T(n), S(n)) the class of problems over a -structures (or a -problems) 
computable on an NRAM using time 0(T(n)) (i.e. that performs 0{T{n)) instructions) and 
space 0{S{n)) (i.e. the registers of the main memory used have adresses 0{S{n)) and their 
contents are 0(max{n, iS'(n)})j, where [n\ is the domain of the input a-structure. 

Notation 1. We will write NTISP(r(n), S{n)) as an abbreviation for NTISP'"(r(n), S{n)) when 
(T is a unary {/}-signature, i.e. / is a unary function symbol. This corresponds to the usual 
convention since such a structure has size n. 



3.2 Formulas and logical classes 

We use the standard definitions of logic and finite model theory, see e.g. [7]. 
Let succ be the predefined non-cyclic successor over [n], that is the function 

J yi-^y-|-lifO<y<n — 1 
\n — 1 ^ n — 1 
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For every 5 > 1, we define the non-cyclic lexicographical successor function over [nY as the 
following abbreviation, also denoted succ(yi, . . . , ys): 



succ'^^\yi,...,ys) 



' (yi, yi~i,yi + l, O, . . . , O) if (i/i, . . . , ys) is not the 
last (^-tuple, i.e. if for some i = 1, . . . , 5, we 
have yj = n — 1 for each j > i and y^ < n — 1 



^ (n — 1, . . . , n — 1) otherwise 

Definitions 3 and 4 are the cornerstone of the main result, as they show the restrictions we 
impose on the logic we will use to characterize our complexity classes. 

Definition 3. A first-order quantifier-free formula ijjixi, . . . ,Xs,yi, ■ ■ ■ ,yr) of signature aU 
{0, succ} U g over s + r variables is called an (s, r)-restricted formula with input a if all the 
function (resp. relation) symbols of g are of arity at most s -\-r, with the following restriction 
on the arguments of those of arity s + 5 (5 > 1): the first s arguments are not restricted and the 
last 5 arguments form a vector of form either (yi, . . . ,ys) or succ^^\yi, . . . ,ys)- 

Remark 2. Note that if r = 1, the last argument of an (s + l)-ary function is y or succ{y). 

We can now define the classes of logical formulas that will characterize our mixed time-space 

complexity classes. 

Definition 4. We call ESO'^(s,r) the class of Existential Second Order formulas of the form 

Jg Vxi . . . Vyi . . . Vy^ ip{x, y) 

where 'g is a set of function or relation symbols of arity at most s + r, yi,...,yr are called 
the iteration variables, and ip is a quantifier-free {s,r) -restricted formula with input a and of 
signature a U {0, succ} U {g}. 

4 Logical characterization of mixed time-space classes 

A main result of this paper is the following exact characterization of each time-space complexity 
class NTISP'^(n*, n*), for all integers t> s>l, which generalizes the similar characterization of 
the classes NTIME'"(n*) [16]: 

Theorem 1. For all integers s > 1, r > and any signature a, a a-problem V is in NTISP'^(n*"'"'', n*) 
iff there exists a formula (j) in ESO'^(s, r) that characterizes V, i.e. such that for every a-structure 
{[n],a) of domain [n\: 

{[n],a) eV iff {[n],a,succ,0) \=(t> (1) 

For the sake of simplicity and without loss of generality, we will restrict ourselves to signatures 
C7 = {/} containing only one function symbol /, of any arity d. That means the program of the 
NRAM will contain instructions (6, j) of the unique following form: 

(6) A:= f{B,,...,Bd) 

Also we will prove the theorem only for the case r = s = 1 the general case being just an easy 
generalization of this particular one. Note that we will use the linear order < over domain [n] as 
it is definable in ES0^1,1) (see [11] or [16, Corollary 2.1]). 

First, if there exists a formula (j) in ES0'^(1, 1) such that the equivalence above holds for 
every cr-structure, then it is easy to see that V is in NTISP'^(n^, n). 

Let P be a cr-problem. Suppose that there exists an ES0'^(1,1) formula 4> such that the 
equivalence (1) of Theorem 1 holds for every cr-structure ([n],(T). An NRAM TZ can check cf) in 
the following way: 
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— TZ first guesses and stores the pi unary ESO functions gi : [n] [n], and the 2 x {p — pi) 
unary restrictions of tlie binary ESO functions gi : [n] x [n] [n] by setting y = and 
y = 1. All this can be done in linear time 0{n) and by using a linear number of registers. We 
can then check the formula for all x and for y = (remember the form of a (1, l)-restricted 
formula) . 

— We now have the following loop: for y = 1 to y = n — 1, replace in the registers the values of 
the binary functions for y — 1 by the values for y, and then guess the values for y + 1 and 
store them in the registers just freed. Check whether the formula holds for all x and for the 
current y. This is done also in linear time; the space used is the same as in the first step, so 
it is still linear. 

We have n such iterations (including the one for y = 0), each of time 0(n), so the time 
used overall is quadratic. The space used is always the same, that is linear. So we have V G 
NTISP'' (n2,n). 

Now let us see how we can describe a problem in NTISP'^(n^, n) with a formula in ES0'^(1, 1). 
A problem V is in NTISP'^(n^, n) iff it is recognized by an NRAM TZ that works in time at most 
cn^ and space cn, and uses numbers at most an, for some fixed integer c. We can also suppose 
that if our NRAM works in time less than cn^, then the final configuration is repeated until 
instant cn^ so that TZ works in time exactly cn^ and the instants of the computation can be 
labelled 0, 1, 2, . . . , cn^ - 1. 

Our goal is to describe the computation of TZ with a logical formula. As we cannot describe 
the content of every register at any time (this would require a size ©(time x space) = 0{n'^), 
i.e. some ternary function on the domain [n]), we only encode what may change: the current 
instruction index, the contents of accumulators A, Bi, . . . , B^, and the content of the register 
pointed to by A. We want a logical formula over the domain [cn], so we will code the instants of 
the computation 0, 1, ... , cn^ — 1 with ordered pairs {t,T), < t < cn, < T < n, so that (t, T) 
encodes the instant i + T • cn of a computation of TZ. Let us introduce the following functions: 

— I{t,T) denotes the index of the instruction performed at instant {t,T). 

— A{t,T) denotes the content of accumulator A at instant {t,T). 

— Bi{t,T), 1 < i < d, denotes the content of accumulator Bi at instant it,T). 

— RA{t,T) denotes the content of register R{A) (ie. the register pointed to by A) at instant 
{t,T). 

— R'j^{t,T) denotes the content of the same register R{A) after step {t,T). 

Let us mention two things. Firstly, the encoding of the time naturally divides the time-space 

diagram of the computation of TZ into n blocks of cn instants. Secondly, all those functions are 
binary and should respect the conditions of Definitions 3 and 4 for the logic ES0'^(1, 1). This 
compels us to consider only two blocks at once : the current one referred at by T, and the 
previous one {T — 1). So, T is our unique iteration variable. Now, remember that at any instant 
t of block T, we must be able to know the contents of accumulators A, Bi,. . . ,Bd and of the 
register pointed to by A. The successive contents of the accumulators are completely described 
by the above functions A and Bi, . . . , B^, so there is no problem for them. In contrast, the 
contents of the computation registers are accessible only through the function Ra, which must 
hold the right value at any time, considering the fact that the register pointed to by A at instant 
(t,T) may be distinct from the one at the previous instant. Moreover, if a specific register is 
not accessed in two consecutive blocks, the restriction imposed to the iteration variable T seems 
to prevent the recovery of its content. So the problem is to be able to get the value that was 
stored in any register the last time it was accessed, be it in the current block or in any other 
block before. The idea to overcome this difficulty is to resume, at the beginning of each block T 
(0 < T < n), the content of any computation register of address x {0 < x < cn) with a binary 
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function R{x,T). More precisely, R{x,T) will code the content of register R{x) at the instant 
(0,T), that is the instant cn-T of the computation ofTZ. We are now ready to give tlie formulas 
that describe the computation of TZ. First, the initial conditions are described by formula (pi: 

01 = 7(0, 0) = 1 A A{0, 0) = A Si (0, 0) = A ... A Bd{0, 0) = 

Functions /, A, Bi, 1 < i < d, and i?^ can be easily defined by recurrence from I, A, and 
Ra by ES0^(1, 1) formulas 0/, (t)A, (f>Bi and respectively. 
We use the following conventions: 

— We use two different successor functions. The first one is the one described above (succ^^^) 
and will be applied to T. The second one is the successor function over [cn] and it will be 
applied to t. Both are denoted by succ since they have roughly the same behaviour. Moreover, 
we use the abbreviation succ{t, T) for: 

{{succ{t),T) \it<cn-l 
(0, succ{T)) if t = cn — 1 and T < n — 1 
{cn — 1, n — 1) otherwise 

— The input function f : [n]'^ ^ [n] is padded by the function 

F : [cn]^ [cn] 

( \ / /(s^i, • • • , Xd) if Xi <n for all i < d, 

^^'^'••■''^'^^^1 Ootherwise 



This function will be the only one in the input signature of the (1, l)-restricted formula, and 
so will not be restricted in its arguments. 

We use the function pred (non-cyclic predecessor) easily definable in ES0'^(1, 1). 

I{t, T) = (i) (for i = 1, . . . , 12) is an abbreviation for the disjunction Vje5i-^(*' ~ j where 

Si C. {1,2, ... , A} denotes the set of indices of instructions of type {i) in the program of TZ. 



We have the following case definitions: 

io if I{t,T) = 

h if I{t,T) = 

I{t,T) ifI{t,T) = 

^ succ{I{t,T)) otherwise 



I{succ{t,T)) 



(10, z) and A{t,T) = Bi{t,T) 
(10, i) and A(t,r) 7^ Bi{t,T) 
(11) or (12) 



A{succ{t, T)) 



n 


succ{A{t,T)) 
pred{A{t, T)) 
G{t,T) 

F{Bi{t,T),...,Bd{t,T)) 
RA{t,T) 
{A{t,T) 



fI{t,T) = (l) 
f/(t,T) = (2) 
f/(t,r) = (3) 
fI{t,T) = {A) 
fI{t,T) = {h) 
fI{t,T) = {6) 
fI{t,T) = {l) 
otherwise 



where the non-deterministic feature of the instruction guess{A) is given by the ESO function 
G{t,T). 



Bi{succ{t, T)) 



Ait,T) if I{t,T) = {8,i) 
Bi{t,T) otherwise 
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K^[succ[t, i j j - I ^^^^^ otherwise 



These case definitions of /, A, Bi and -R^ can be easily transformed into first-order formulas 
0/, 0^, and respectively, of the form VT < n Vt ^) where is some (1, l)-restricted 
formula. 

So the computation of between two successive instants will be expressed by <j)2'- 

4>2=(i>I A (j)A A (f)Bi A . . . A 4)Ba A (pR/^ 

Now there remains to describe functions Ra and R, which is a much more tricky task. 
For this purpose, we introduce, as in [15], the binary function N{x,T) = {Ni{x,T), Nq{x,T)) 
(more precisely two binary ESO function symbols Nq,Ni) which represents, in each block T, 
the lexicographical numbering of the ordered pairs {A{t,T),t) (see Figure 2 for an example on 
a given block T): 

0iv =Vr<nVt3x 

Ni{x,T) = A{t,T) A No{x,T)=t 
Axj^cn-l N{x, T) <iex N{succ{x), T) 

where <iex (^'jj') abbreviates i < i' V {i = i' A j < f). 



N(0,T) 



A(t,T) 



NijJ) 



N(1,T) 



N(k+1,T) 



N(i,T) 



N(cn-1,T) 



N(k,T) 



Rq:l<i<j<k< k+1 < cn-1 



Fig. 2. N{x,T) 



Notice that the first two conjuncts of 4>N express that, for every T < n, the mapping x i-^ 
N{x,T) is a surjection, and hence is a bijection from the set [cn] to the set of equal cardinality 
{{A{t,T),t):te[cn]}. 

Remark 3. We use the non-cyclic successor functions over [cn] and over [n]. Both are denoted 
succ as they have the same behaviour. 

The binary function R that allows to represent the content R{x,T) of register R{x) at instant 
(0, T) is described by formula (pn: 
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i VT < n - 1 Vx 3t 3^ 3t' 3u 
{T = R{x, T) = 0} 

^ f A{t,T)=x h N{z,T) = {A{t,T),t) 

(z ^ cn — \ 
A Ar(succ(2),r) = {A{iI,T),t') 
AA{t,T)^A{t',T) 
^ A R{x, succ{T)) = R'^{t, T) 



A < 



V 



V 



V 



N{0,T) = iA{t,T),t) 
A [A(t,T) > X A i?(a;,succ(r)) = R{x,T)] 

N{cn-1,T) = {A{t,T),t) 
A [A{t,T) <x A R{x,succ{T)) = R{x,T)\ 



' T) < .T < ^(u, T) A T), = Ar(2, T) ' 

A (^(u,r),u) = iv(sMcc(z),r) 

^ A i?(x, succ(T)) = R{x, T) 



Remark 4- The first line of the matrix of (f)R (first conjunct) describes the behaviour of R in the 
first block (labelled 0). In the big second part (second conjunct), the first disjunct corresponds 
to the case when register R{x) is accessed in block T (in particular, the formula in brackets [. . .] 
combined with the condition A{t, T) = x expresses that (t, T) is the last instant in block T when 
A{t,T) = x). The other three disjuncts correspond to the three cases when register R{x) it is 
not accessed in block T. See Figure 3 for more details. 




Fig. 3. R(x,succ{T)) 



By using functions R and i?^, function Ra (wliicli describes the right content of the register 
pointed to by accumulator A) is easily defined by formula c/)/?^ (see Figure 4): 
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R(A(t,T),T) 



K+1 



Block T 



x+l 



Block T 



Fig. 4. RA{t,T) 



(f)R^ = VT < n\/t 3x 3u 

{{A{t,T),t) = N{0,T) A RA{t,T) = R{A{t,T),T)} 
' (^(t, T), t) = N{succ{x), T) A {A{u, T),u) = N{x, T) 
\l \^{A{t,T)=A{u,T) ^ RA{t,T) = R'^{u,T)) 
^ A T) + A(u, T) ^ RA(t, T) = RiA{t, T),T)) 

So we control the contents of all the registers via formula ^3: 

The fact that TZ reaches the accept instruction, that is is ensured by formula ^4: 

(p4 = I{cn — 1, n — 1) = A 
Finally, the computation of TZ is exactly described by formula ^ over domain [cn]: 

(f) = 3I,A,Bi,...,Bd,RA,R'A,G,N (t>i A <j)2 A (t>z A <t)i 

and it is easy to transform (j) into a prenex Skolemized £80^^(1, 1) formula. 

We have described the computation of the NRAM Jl on an input / by an ES0(1, 1) formula 
for the structure ([cn],F), that means over domain [cn]; now let us see how to get a formula 
for the input structure ([n],/), i.e. over domain [n]. The idea is to code an element x G [cn] by 
an ordered pair of elements (a;o,a;i) G [n] x [c]. According to this idea, every binary function 
g : [cn] x [n] — > [cn] will be coded by 2c functions 50^*^ • [n] x [n] — ^ [n] and gi^^^ : [n] x [n] [c], 
for < i < c, defined as follows: 

go^^ : [n] x [n] [n] 



{x, y) I— > g{in + y) mod n 
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: [n] X [n] 



g{in+x,y) 
n 



So, for every (7 : [cn] x [n] ^ [cn], every y € [n] and every {xo,xi) G [n] x [c], we have 
g{nxi + xo,y) = n ■ gi^^^\xQ,y) + go^^^\xo,y). We notice that the iteration variable, that is 
y = T, is not modified and hence our binary functions respect our restricted logic (see Definitions 
3 and 4). The process is similar for any unary function g : [cn] — > [cn]. The details of the proof 
are left to the reader [15]. □ 

Now, the computation of TZ is exactly described by formula (p over domain [n]. 
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5 Completeness results for some logical problems 



Before presenting our problems, along with some form of completeness for linear time and sub- 
linear space complexity classes, we need some technical tools. 

5.1 A technical result 

It will be convenient to encode any set of unary {/}-structures V G NTISP(m*/'', m*/'') - where 
s,t^d are fixed integers such that t > s >1 and t > d>l and m denotes the size of the unary 
input structure {[m], f) - into a set 'P'^°'^^ of d-ary structures. 

Remark 5. We use in that notation the letter m instead of n to make the following encoding 
easier. 

For fixed numbers t,s with t> s>l and any signature a, remember that NTISP'^(n*, n*) 
denotes the class of problems over a-structures ([n],(j) recognizable by an NRAM that uses 
computation register contents 0{n^) and works in time 0{n^) and space 0{n^). 

Definition 5. For any unary {f] -structure S = {[m],f),f : [m] [m], let code(S) = {[n\,g) 
denote the structure of signature = {go, ■ ■ ■ , gd-i} , where every gi is of arity d, defined by 
(1-2).- 

1. n-l= [m^/'^l, i.e. {n - 2^ < m < {n - if; 

2. g : [n]'^ [n]'^ is such that g = (go, . . . ,gd-i), where gi : [n]'^ [n], and 

2.1. if f{a) = b for any a,b < m, then gi{ao, oi, . . . , a^-i) = h where ai, hi are the respective 
i*^ digits of a, b in base n — 1, that means a = Yli<d ^i^^ ~ ^'"■^ ^ ~ Yli<d ^ii''^ ~ 
with Oj, bi < n — 1, and 

2.2. gi{ao, ai, . . . , aa-i) = n — 1 if (ao, ai, . . . , ad-i) G [n]'^ is not the list of (n — l)-digits of 
any integer smaller than m. 

Let r''°'^^ = {code{S) -.SeV}. 

The following remarks are essential. 

Remark 6. S and code{S) have about the same size, i.e. size{code{S)) = &{n'^) = 0{m) = 
0{size{S)). 

Remark 7. The correspondence 5* f-> code{S) is one-one and is easily computable as its converse 
is because if S' = {{n\,g) = code{S) for S = {[m], /) then we have 

m = tt|(ao,ai,- • ■,ad-i) G [n - l]'^ : 50(00,01,- • -,0^-1) < n - l| (2) 
Here is our technical lemma: 

Lemma 5. For any fixed numbers t,s such thatt> s > 1 andt > d > 1, V e NTISP(m*/'^, m*/'') 
implies T"""^" e NTISP''''(n*, n^). 

Proof. Under the hypothesis, let us give an 

Algorithm for recognizing the problem 7^^°*^^ 
Input : a d-ary structure S' = {[n],g). 
begin 

— compute m with the expression (2) of Remark 7; 
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— check that all the conditions (1-2) of Definition 5 are satisfied, that means S' = 
code(S) for some (unique) unary structure S = {[m], f) witli n — 1 = [m-^/'^] ; 

— on the input S, simulate the running of the NRAM that recognizes V in time 0{m^/'^) = 
0(n*) and space 0{m^/'^) = 0{n^). (Note that this NRAM only uses register contents 
0{m) = 0{n'^).) 

end 

This proves (ri*,n^). □ 

5.2 Completeness result 

Let us now present our logical problems, denoted LAYERED-CoNSTRAlNTs(t, s), where t,s are 
fixed integers, t>s>l. 

Definition 6. An [n]-formula F of signature a is a quantifier-free first-order a-formula where 
the variables are replaced by integers in [n] . Let length{F) denote the number of occurrences of 
integers, a-symbols, equalities, and connectives in F. 

Example: g{h{l,Q),2) = h{3,l) is an atomic [4]-formula of signature {g,h} and of length 9. 

Problem LAYERED-CONSTRAINTS(i, s) 

Instance : — an integer n; 

— a non-empty set OV of t-ary operators [n]* — > [n], each expUcitly given by its table; 

— a conjunction of [n]-formulas F = Fi A . . . A F;, each Fj of size at most and of 
signature Vi, where n I'j C OV if \i — j\ > 1 (*). 

Question : Is F satisfiable? 

Convention 3. To satisfy automatically condition (*), it is natural to partition the overall signa- 
ture of F as ToUtiU . . . UtiUOV, where U denotes the disjoint union, with = rj_i U Tj, tq = 0. 
The j*'* symbol of n is denoted 

Remark 8. The size of the input is m > n*; 

Proposition 5. LAYERED-CONSTRAINTS(t, s) is in NTISP(m,m^/*). 

Proof. Let (n, OV, Fi A . . . A F;) be an instance of Layered-Constraints (i, s). First, we con- 
sider formula Fi and prove that it is coherent with OV . Remember that we use a nondeterministic 
RAM. Each part of the formula is checked in the following way. 

— If it is of the form F/ V Fj, with F/ and Fj subformulas of Fi, then we nondeterministically 
choose F/ or F' and check its coherence. 

— If it is of the form F/ A Fj , with F/ and Fj subformulas of F\ , then we check if F/ and Fj are 
coherent. 

— If it is of the form /(a) = with / a symbol of z^i, (3 G [n] and a G [n]^ where k is the arity 
of /, then we set f{a) = f3 and store it in the memory. 

— If it is of the form /(a) = g{(5), with f,g symbols of vi and a G [ra]*^,/3 G [n]"* where k is the 
arity of / and m the arity of g, then we nondeterministically choose an interpretation for / 
in a and give the same value to g in (5. 

— The same apphes if we have compositions of the form / ..),... ,gk{- ■ ■)), whatever the 
arity of the functions involved. 

— Whenever an element of OV appears, we take the interpretation given in the input. 
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Note that, as the size of Fi is at most n^, we don't need more than registers to store the 
values we need. (Note also that a symbol is identified with the signature in which it appears, so 
it is easy to see if a formula uses a forbidden symbol.) Once this is done for formula Fi, we sort 
all the values we have given to the functions, there are at most \Fi\ so it can be done in time 
and space 0(|Fi|) (see [14]), and we check that if there are twice (or more) the same symbol in 
the same value, then the same interpretation is given every time. All this is done in time 0(|Fi|) 
and space 0(n*). We do the same thing for F2, but as there may be common symbols in both 
formulas Fi and F2, we check that they were given the same value (as both lists are sorted, 
it can be done at the same time as the check for repeated occurrences). This again is done in 
time 0{\Fi \ + I-F2I) and space 0(r7.*). Now remember that symbols in Fi no longer occur in the 
other formulas F^ for i > 2, so we can forget their interpretations as they can no longer bring 
incoherence. The memory thus freed will be used to store the values that appear in F3, and so 
on until we check the coherence of Fi . 

Overall, the same memory space 0{n^) = 0{m^/'^) is always recycled and the time needed 
is 0(X]i<i<z 1-^*1) = 0(m), where m is the size of the input. So Layered-Constraints (i, s) G 
NTISP(m,m*/*). □ 

The following theorem essentially expresses the completeness of the problem 
Layered-Constraints (i, s) in the class NTISP(m, m*/*). 

Theorem 2. For all integers t, s, t > s > 1, and all functions T,S: 

(i) LAYERED-CONSTRAINTS(f,s) G DTISP(T(0(m)), 5(0(771))) if and only if 

NTISP(m,m"/*) C DTISP(T(0(m)), 5(0(m))); 
(a) LAYERED-CONSTRAiNTS(i, s) G co-NTISP(r(0(m)), 5(0(m))) if and only if 

NTISP(m,m*/*) C co-NTISP(r(0(m)), 5(0(m))). 

Proof (Sketch of). Proposition 5 yields the «/ implication. We will prove the only if part of this 
theorem for the case s = 1, t = 2, the general case being an easy generalization of this particular 
one. 

Let V be a problem in NTISP(m, m^/^). Then by Lemma 5, V"'^'' G NTISP'"" (n^, n), with 
f2 = {90,91}, and by Theorem 1 there exists a formula ip in £80^^^(1,1) such that for each 
integer n> and each (72-structure {[n],go,gi) we have 

{[n],9o,9i) e 7''=°'^' iff {[n],9o,9i,succ,0) ^ ip (3) 

Let (/p = 3/ Vx Vy ip{x, y) where y is the iteration variable and ijj is quantifier- free. Without 
loss of generality, assume that / consists of function symbols fi of arity 2. The idea consists in 
unfolding the first-order part of cp on the domain [n]. This gives the equivalent [n] -formula 



A 

b<n 



/\ V(a,6) 



.a<n 



which is also equivalent to the conjunction A6<n-^'' where F}, = [Aa<n V'6(<^)] and ipbid) denotes 
the formula ip{a,b) in which each term fi(a,b) (resp. fi{a, succ{b))), for fi G /, is replaced by 
fi{a) (resp. f^~^^{a)). In other words, each ESO function symbol fi € f (of arity 2) is replaced 
by n function symbols /f {b < n) of arity 1. By construction, we have {[n], qq, gi, succ^Q) |= 99 
iff the [n]-formula F = A6<n is coherent with the tables of functions go and gi. Note that, by 
construction, if \b — b'\ > 1, we have signature{Ff,) PI signature{F}^) C {go,gi}. 

There remains a technical problem. {n,a2,F) is not exactly an instance of the problem 
Layered-Constraints (2, 1) since length{Fh) = kn = N for each b < n, where k = length{tp). 
Therefore, we "linearly pad" our instance into an "equivalent" instance over [N] by completing 
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the tables of go and gi on the domain [N], under the names g^ and 5} respectively: we add 
the values g^^\ao,ai) = (0,0) whenever or ai belongs to [N] \ [n]. We obtain an instance 
{N,OV,F) of Layered-Constraints (2,1) with N = kn and OV = ^gif^\g[^^^ such that 
(by (3)) 

{[n],go,gi) G V^""^"" iS {N,OV,F) G Layered-Constraints (2,1) 

Let us recapitulate the properties of our reduction of any problem V of NTISP(m, m^/^) to 
Layered-Constraints (2, 1). 

— It is correct: 

For any m and any input unary structure S = {[m],f), if S' = code{S) = {[n], go, gi): 
S eV iSS' e V"'^'' iff {N, OV, F) e Layered-Constraints (2, 1) 

— It is linear-sized: 

length{F) = ©(iV^) = ©(n^) = 0{size{S')) = 0{size{S)) 

and similarly for size{OV). 

— It yields the "only if" implication of the Theorem 2(i): 

Let 7^ be a (deterministic) RAM that decides 

Layered-Constraints (2, 1) in time 0{T{0{m))) and space 0{S{0{m))). The RAM 7^' 
with the following program decides the problem V- 

Input : a unary {/}-structure S = {[m],f). 

begin 

• Compute n = \m^/'^~\ and = kn. 

• Simulate running TZ on input (A^, OV, F) without storing it nor S' = code{S). When- 
ever TZ needs to read an operator value g\^\ao,ai) = bi [i = or i = 1), such 
that, e.g., ao < n — l,ai < n — 1 and ao + ai(n — 1) < m, TZ' reads the value 
v = f{ao+o.i{n—l)) in its input S and compute 60 = mod (n—l) or bi = [v/{n—l)\ . 
Whenever TZ needs to read a symbol in F, the easy structure of F = FqAFi A. . . AF„_i 
allows TZ' to compute that symbol in constant time and constant space. 

end 

Since the reduction S ^ {N,OV,F) is linear-sized, TZ' decides V within time 0{T{0{m))) 
and space 0(5(0(m))) as required. The proof of part (ii) of Theorem 2 is similar. □ 



6 Corollaries: time-space lower bounds 

The completeness results for the problems Layered-Constraints (i, s) obtained in the previous 
section yield some lower bounds for those problems because of several separation results proved 
by Fortnow et al. [9] that we reformulate as follows. 

Theorem 3 (Fortnow-Melkebeek 2000: See Corollary 4.8, Corollary 3.23, Corollary 
3.22, respectively). 

- NTISP(m,m"-^i9) ^ DTISP(ml•6l^ m^^^') 

- NTISP(m,m'V4) g co-NTISP(mi-4, m°(i)) 

- NTISP(m,m4/5) g co-NTISP(m5/^, mViO) 

Corollary 2. - Layered-Constraints (8, 5) G NTISP(rn, m^/^) \ DTlSF{m^-'^^^,m"^^'^) 

- Layered-Constraints(3,2) G NTISP(m, m^/^) \ DTiSP(mi-6i8, m°(i)) 

- Layered-Constraints(4,3) G NTISP(m, m^/'') \ co-NTISP(mi-'^, m°(i)) 

- Layered-Constraints(5,4) e NTISP(m,m'^/^) \ co-NTISP(m^/^,mi/i°) 
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7 Conclusion and open problems 



It is well-known that most natural NP-complete problems are in NLIN and that many of them, 
e.g. Sat, are complete in nondeterministic quasi-linear time. Moreover, in this paper we have 
shown that significant NP-complete problems, mainly many problems over planar graphs and 
some problems over numbers, belong to NTISP(n, n"^), for some q < 1, and specifically to 
NTISP(n,ni/2)^ 

improves the known upper bound DTIME(2'^('''^')) for those problems. 
Thanks to a logical description of nondeterministic polynomial time-space classes we have ex- 
hibited, for any integers s,t, t > s > 1, a problem, denoted Layered-Constratnts(/:, .s), that 
is complete in NTISP(n, ra*/*) via linear reductions. This is a very precise and nontrivial re- 
sult. The main open challenge would be to discover "more natural" complete problems in such 
classes, mainly in NTISP(n, n^^^), even via quasi-linear reductions. Further, in order to prove 
some complexity lower bound, such a result should be completed by some separation result for 
NTISP(n, n^/^) that would be similar to those obtained by [9] for any class NTISP(n,ra*), with 
q greater than 0.619 (the golden ratio). 
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